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Abstract
In this paperwe shall introduce functions spaces as subspaces ofLp thatwe call Besov–Dunkl spaces.Weprovide characterizations
of these spaces involving Bochner–Riesz means associated to the Dunkl operator and partial Dunkl integrals.
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1. Introduction
Dunkl operators are differential-difference operators introduced in 1989, by Dunkl [4]. On the real line, these
operators, which are denoted by , depend on a real parameter > − 12 and they are associated with the reﬂection
group Z2 on R. For > − 12 , Dunkl kernel E is deﬁned as the unique solution of a differential-difference equation
related to  and satisfying E(0) = 1. This kernel is used to deﬁne Dunkl transformF which was introduced by
Dunkl in [5]. More complete results concerning this transform were later obtained by de Jeu [10]. Rösler in [14] shows
that Dunkl kernels verify a product formula. This allows us to deﬁne Dunkl translation operators x , x ∈ R. As a result
we have a Dunkl convolution.
This paper deals with Besov–Dunkl spaces. If 0< < 1 and 1p, r < + ∞ a Besov–Dunkl space, denoted by
BDp,r,, is a subspace of functions f ∈ Lp() satisfying∫ +∞
0
(
p(f, t)
t
)r dt
t
< + ∞,
where p(f, t) is the Lp() norm ‖t f + −t f − 2f ‖p,, t ∈ R.
Notice that, for an even function f ∈ Lp(), the last condition is equivalent to the following condition∫ +∞
0
(‖t f − f ‖p,
t
)r dt
t
< + ∞.
(See Corollary 1 in Section 4, below).
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The goal of this paper is to characterize these spaces by means of the Bochner–Riesz means, (for the deﬁnition of
Bochner–Riesz means for the classical Fourier transform, one can see [16, p. 170])
T f (x) =
∫ T
−T
E(i	x)
(
1 − 	
2
T 2
)
Ff (	) d(	), x ∈ R, T > 0, 0,
and the partial Dunkl integrals
sT f (x) =
∫ T
−T
E(i	x)Ff (	) d(	), x ∈ R, T > 0.
The contents of this paper are as follows.
In Section 2, we collect some results about harmonic analysis associated with Dunkl operator.
In Section 3, by using the Dunkl transform F, we deﬁne the Bochner–Riesz mean T , where T > 0 and 0,
as an operator on L1(). Whenever >  + 12 , T is a convolution operator on L1(). Therefore, properties of
Dunkl convolution permit to extend the deﬁnition of operator T to spaces Lp(), 1p < + ∞ provided that
>  + 12 . Also the partial Dunkl integral sT , for T > 0, is deﬁned as an operator on L1(). By taking into account
that a Dunkl translation maps Lp() on itself, we are able to deﬁne the operator sT on Lp() each time that
1<p < 4(+ 1)/(2+ 1).
In Section 4, we introduce Besov–Dunkl spaces, BDp,r,, 0< < 1 and 1p, r <+∞.We provide characterizations
of these spaces. Firstly, for 0< < 1, − 12 < < −− 12 , 1p, r <+∞ and f ∈ Lp(), we use the Bochner–Riesz
means to give equivalent properties insuring that f belongs to BDp,r,. Next, for 0< < 1, > − 12 , 4( + 1)/(2 +
3)<p < 4(+1)/(2+1), 1r <+∞ and f ∈ Lp(), we derive equivalent assertions, involving the partial Dunkl
integrals, insuring that f belongs to BDp,r,. Analogous results have been obtained by Giang and Móricz in [8] for a
classical Fourier transform on R. Later, Betancor and Rodríguez-Mesa in [1–3] have established similar results, in the
framework of Hankel transform on (0,+∞). It is natural to ask what relations there are between the Besov–Hankel
spaces considered in [1] and the Besov–Dunkl spaces studied in this paper. To reply to this question we must search
the link between Hankel translations operators and Dunkl translation operators. For even functions f, according to [17,
Theorem 7.1], we ﬁnd the following connection between these translations
xf (y) = Txf (y) + M
∫ x+y
|x−y|
f (z)(z2 − x2 − y2) (
(x, y, z))
2−1
(xyz)2+1
z2+2 dz,
where x, y ∈ (0,+∞), Tx being the Hankel translation operator, M = 22−2(+ 1)/√(+ 12 ) and, like in [1],

 is the area of a triangle with sides x, y, z when such triangle exists. But I cannot proﬁt of this connection to ﬁnd any
relation between Besov–Hankel and Besov–Dunkl spaces for arbitrary functions. Then the question is yet open.
Along this paper we consider always > − 12 and we represent by C a suitable positive constant which is not
necessarily the same in each occurrence. Furthermore, we denote by
• E(R) the space of inﬁnitely differentiable functions on R.
• Cc(R) the space of compactly supported continuous functions on R.
2. Harmonic analysis associated with Dunkl operator
We consider the differential-difference operator deﬁned by
f (x) = dfdx (x) +
2+ 1
x
[
f (x) − f (−x)
2
]
, f ∈ E(R),
called Dunkl operator.
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For 	 ∈ C, the initial problem
f (x) = 	f (x), f (0) = 1, x ∈ R,
has a unique solution E(	.) called Dunkl kernel given by
E(	x) = j(i	x) + 	x2(+ 1)j+1(i	x), x ∈ R, (1)
where
j(z) = 2(+ 1)J(z)
z
= (+ 1)
+∞∑
n=0
(−1)n(z/2)2n
n!(n + + 1) , z ∈ C,
is the normalized Bessel function of the ﬁrst kind and order  (see [18]).
We can write for x ∈ R and 	 ∈ C (see Rösler [14, p. 295])
E(−i	x) = (+ 1)√
(+ 12 )
∫ 1
−1
(1 − t2)−(1/2)(1 − t)ei	xt dt .
Consequently, we have for x ∈ R and 	 ∈ R
|E(−i	x)|1.
Let  the weighted Lebesgue measure on R, given by
d(x) =
|x|2+1
2+1(+ 1) dx.
For 1p + ∞, we denote by Lp() the space of complex-valued functions f, measurable on R such that
‖f ‖p, =
[∫
R
|f (x)|pd(x)
]1/p
< + ∞ if p < + ∞,
and
‖f ‖∞, = ess sup
x∈R
|f (x)|< + ∞.
The Dunkl transform is deﬁned for f ∈ L1(), by
Ff (	) =
∫
R
E(−i	x)f (x) d(x), 	 ∈ R.
Proposition 1 (de Jeu [10]). (i) For all f ∈ L1(), we have ‖Ff ‖∞,‖f ‖1,.
(ii) For all f ∈ L1() such thatFf ∈ L1(), we have the inversion formula
f (x) =
∫
R
E(i	x)Ff (	) d(	) a.e x ∈ R.
Notation. For all x, y, z ∈ R, we put
W(x, y, z) = (1 − x,y,z + z,x,y + z,y,x)
(x, y, z)
where
x,y,z =
{
x2 + y2 − z2
2xy
if x, y ∈ R\{0},
0 otherwise
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and

(x, y, z) =
{
d
([(|x| + |y|)2 − z2][z2 − (|x| − |y|)2])−1/2
|xyz|2 if |z| ∈ Ax,y,
0 otherwise,
where d = ((+ 1))2/(2−1√(+ 12 )) and Ax,y = [||x| − |y||, |x| + |y|].
Properties (see Rösler [14]). The kernel W is even and satisﬁes the following properties
W(x, y, z) = W(y, x, z) = W(−x, z, y) = W(−z, y,−x) (2)
and ∫
R
|W(x, y, z)| d(z)4.
In the sequel we consider the signed measure x,y , on R, given by
dx,y =
⎧⎪⎨
⎪⎩
W(x, y, z) d(z) if x, y ∈ R\{0},
dx(z) if y = 0,
dy(z) if x = 0.
Theorem 1 (See Rösler [14]). (i) Let 	 ∈ C. The Dunkl kernel E satisﬁes the following product formula
E(	x)E(	y) =
∫
R
E(	z)dx,y(z), x, y ∈ R. (3)
(ii) We have
supp(x,y) = Ax,y ∪ (−Ax,y), ‖x,y‖ =
∫
R
d|x,y |(z)4.
Deﬁnition 1. For x, y ∈ R and f a continuous function on R, we put
xf (y) =
∫
R
f (z)dx,y(z).
The operators x, x ∈ R, are called Dunkl translation operators on R.
Properties (see Mourou [11]). (i) The operator x, x ∈ R, is a continuous linear operator from E(R) into itself.
(ii) For all f ∈ E(R) and x, y ∈ R, we have
xf (y) = yf (x), 0f (x) = f (x),
x ◦ y = y ◦ x,  ◦ x = x ◦ .
Deﬁnition 2. If f and g are two continuous functions on R with compact support then we deﬁne the Dunkl convolution
of f and g, by
f g(x) =
∫
R
xf (−y)g(y) d(y), x ∈ R.
Remark 1 (see Rösler [14]). The convolution  is associative and commutative.
The following two propositions are shown in [15].
Proposition 2. (i) For all x ∈ R the operator x extends to Lp(), p1 and we have for f ∈ Lp(),
‖xf ‖p,4‖f ‖p,. (4)
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(ii) For all x, 	 ∈ R and f ∈ L1(), we have
F(xf )(	) = E(i	x)Ff (	). (5)
Proposition 3. (i) Assume that p, q, r ∈ [1,+∞[ satisfying 1/p + 1/q = 1 + (1/r) (the Young condition). Then the
map (f, g) −→ f g, deﬁned on Cc(R)×Cc(R), extends to a continuous map from Lp()×Lq() to Lr(), and
we have
‖f g‖r,4‖f ‖p,‖g‖q,. (6)
(ii) For all f ∈ L1() and g ∈ L2(), we have
F(f g) = (Ff )(Fg). (7)
Lemma 1. Let f ∈ L1() and g ∈ Lp(), 1p < + ∞. Then we have
t (f g) = t f g = f t g, t ∈ R. (8)
Proof. Since Cc(R) is a dense subset of Lq() (1q < + ∞) it is sufﬁcient to prove (8) when f and g are in Cc(R).
This follows from Fubini’s theorem and the commutativity of convolution operator . 
3. The Bochner–Riesz means and the partial Dunkl integrals
In this section we deﬁne the Bochner–Riesz means T , T > 0 and 0, as operators on L1(). We prove that we
may deﬁne T on Lp() when > + 12 . Thereafter, we introduce the partial Dunkl integrals sT , T > 0, as operators
on L1(). We show that we can extend the deﬁnition of sT on Lp() when 1<p < 4(+ 1)/(2+ 1). Furthermore,
we establish that if 4(+ 1)/(2+ 3)<p < 4(+ 1)/(2+ 1) then {sT }T>0 is an uniformly bounded family of linear
operators from Lp() into itself.
3.1. The Bochner–Riesz means
Let T > 0 and 0. We deﬁne the Bochner–Riesz mean T f of a function f ∈ L1() by
T f (x) =
∫ T
−T
E(i	x)
(
1 − 	
2
T 2
)
Ff (	) d(	), x ∈ R. (9)
For T > 0 and 0 we consider the function
T ,(x) = (+ 1)T
2(+1)
2+1(+ + 2) j++1(T x), x ∈ R.
By using the well-known asymptotic behavior of the Bessel function of the ﬁrst kind, we see that |T ,(x)|q |x|2+1
C|x|−q(++ 32 )+2+1, as x −→ +∞, and |T ,(x)|qC near to origin. So T , ∈ Lq() when q1 and > + 12 .
Proposition 4. Let f ∈ L1(). If > + 12 then, for T > 0, the Bochner–Riesz mean veriﬁes the convolution relation
T f = T ,f . (10)
Proof. By Fubini’s theorem, we get for x ∈ R,
T f (x) =
∫
R
[∫ T
−T
E(i	x)E(−i	y)
(
1 − 	2
T 2
)
d(	)
]
f (y) d(y). (11)
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By using (3), a change of variable and again Fubini’s theorem we obtain
∫ T
−T
E(i	x)E(−i	y)
(
1 − 	
2
T 2
)
d(	)
= T
2(+1)
2+1(+ 1)
∫
R
[∫ 1
−1
E(iT 	z)(1 − 	2)|	|2+1d	
]
dx,−y(z).
On the other hand, since the normalized Bessel function is even, by invoking the relation (1) and Sonine’s formula ([18,
Section 12.11(1)]), we deduce the following equality:∫ 1
−1
E(iT 	z)(1 − 	2)|	|2+1d	= (+ 1)(+ 1)
(+ + 2) j++1(T z).
Therefore, we get
∫ T
−T
E(i	x)E(−i	y)
(
1 − 	
2
T 2
)
d(	) =
∫
R
T ,(z)dx,−y(z) = xT ,(−y), y ∈ R. (12)
The result announced arises from (11) and (12). 
Remark 2. Let f ∈ Lp(), 1p + ∞, and assume that >  + 12 . Since T , ∈ L1() we have by virtue of
relationship (6)
‖T ,f ‖p,4‖T ,‖1,‖f ‖p,.
That suggests us to deﬁne the operator T on Lp() by
T f = T ,f .
Next we establish two properties that will be useful in next section.
Lemma 2. For > + 12 and T > 0 we have∫
R
T ,(x) d(x) = 1.
Proof. It follows easily by taking into account that T ,, T > 0, is an even function and by Erdélyi et al. [6, p. 49].
,
Lemma 3. Let > + 12 and 1p < + ∞. For every function f ∈ Lp() we have
f (x)Log 2 =
∫ +∞
0
[2T f (x) − T f (x)]
dT
T
a.e x ∈ R.
Proof. Let f ∈ Lp(). Then for every T > 0 we can write
2T f (x) − T f (x) =
∫ 2T
T
d
dt
{t f (x)} dt a.e. x ∈ R. (13)
By integrating both sides in relationship (13) and using Fubini’s theorem we obtain
∫ +∞
0
[2T f (x) − T f (x)]
dT
T
=
∫ +∞
0
(∫ t
t
2
d
dt
{t f (x)}
dT
T
)
dt = Log 2
∫ +∞
0
d
dt
{t f (x)} dt .
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According to ([7], Proposition 4) T f (x) −→ f (x) as T −→ +∞, almost everywhere x ∈ R. On the other hand, by
virtue of relationship (6), we have
|T f (x)|4‖T ,‖q,‖f ‖p, a.e. x ∈ R,
with (1/p) + (1/q) = 1. But ‖T ,‖q, = CT2/p(+1) where C is a positive constant not depend on T . Consequently
T f (x) −→ 0, as T −→ 0+, uniformly in x ∈ R. This allows us to say that
∫ +∞
0
d
dt
{t f (x)} dt = f (x) a.e. x ∈ R. 
3.2. The partial Dunkl integrals
For T > 0, we deﬁne the partial Dunkl integral sT f of a function f ∈ L1() by
sT f (x) =
∫ T
−T
E(i	x)Ff (	) d(	), x ∈ R. (14)
Proposition 5. Let f ∈ L1(). We have
sT f (x) =
∫
R
T (z)xf (−z) d(z), x ∈ R (15)
where T = T ,0.
Furthermore if 1<p < 4(+ 1)/(2+ 1) then the partial Dunkl integral given by identity (15), is well deﬁned on
Lp().
Proof. By combining Fubini’s theorem, the relationship (3) and Sonine’s formula [18, Section 12.11 (1)] we are able
to write for f ∈ L1()
sT f (x) =
∫
R
f (y)
(∫
R
T (z)dx,−y(z)
)
d(y).
By using the relationship (2) and the fact that W is even we deduce that
sT f (x) =
∫
R
T (z)
(∫
R
f (y)dx,−z(y)
)
d(z) =
∫
R
T (z)xf (−z) d(z).
Let 1<p < 4(+ 1)/(2+ 1) and q such that (1/q)+ (1/p)= 1. Since (+ 32 )q − 2− 1> 1 one has T ∈ Lq().
The Hölder inequality and Proposition 2(i) ensure that (15) has a sense for f ∈ Lp(). 
Proposition 6. Suppose that 4(+1)/(2+3)<p < 4(+1)/(2+1). Then {sT }T>0 is an uniformly bounded family
of operators from Lp() into itself.
Proof. Let f ∈ Cc(R) and T > 0. Fubini’s theorem gives us
sT f (x) = 2
∫
R
f (y)
{∫ T
0
(
j(	x)j(	y) + 	
2xy
4(+ 1)2 j+1(	x)j+1(	y)
)
d(	)
}
d(y).
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Put fe and fo the even and the odd part of f, respectively. We can write
sT f (x) = 4
∫ +∞
0
fe(y)
{∫ T
0
j(	x)j(	y) d(	)
}
d(y)
+
∫ +∞
0
fo(y)
{∫ T
0
	2xy
(+ 1)2 j+1(	x)j+1(	y) d(	)
}
d(y).
= |x|−
∫ +∞
0
y+1fe(y)
{∫ T
0
J(	|x|)J(	y)	 d	
}
dy
+ sgn(x)|x|−
∫ +∞
0
y+1fo(y)
{∫ T
0
J+1(	|x|)J+1(	y)	 d	
}
dy.
By using Section 5.1(8) [18], we can state for > − 12 ,∫ T
0
J(	|x|)J(	y)	 d	= T |x|J+1(T |x|)J(T y) − yJ +1(T y)J(T |x|)
x2 − y2 .
Therefore,
sT f (x) = 2
√
T |x|−[J(|x|T )H−(y+1
√
T J+1(yT )fe(y))(|x|)
+ sgn(x)J+1(|x|T )H−(y+1
√
T J+2(yT )fo(y))(|x|)
− J+1(|x|T )H+(y+1
√
T J(yT )fe(y))(|x|)
− sgn(x)J+2(|x|T )H+(y+1
√
T J+1(yT )fo(y))(|x|)]
where H− and H+ are odd and even Hilbert transforms (see [13, p. 1028]). By taking into account that for all >− 12 ,√
zJ(z) is bounded on z ∈ (0,+∞), we can assert that, if > − 12 , the functions y −→ y+1
√
T J(T y)fe(y) and
y −→ y+1√T J(T y)fo(y) are in the space Lp((0,+∞), y2+1−p(+1/2) dy). By virtue of Theorem 3.1 [13], we
are able to afﬁrm that H− and H+ are bounded operators from Lp((0,+∞), y2+1−p(+1/2) dy) into itself. From this
and the fact that, for all > − 12 ,
√
zJ(z) is bounded on z ∈ (0,+∞), we see that sT , T > 0, is a bounded operator
from Lp() into itself and the constant in Lp() boundedness for the operator sT does not depend on T. SinceCc(R)
is a dense subset of Lp() the announced statement arises. 
4. Besov–Dunkl spaces
In this section we deﬁne the Besov–Dunkl spaces. Characterizations of these spaces by means of Bochner–Riez
means and partial Dunkl integrals are given.
Let 0< < 1, 1p, r < + ∞. We say that a measurable function f on R is in the Besov–Dunkl space BDp,r, if
f ∈ Lp() and∫ +∞
0
(
p(f, t)
t
)r dt
t
< + ∞,
where p(f, t) = ‖t f + −t f − 2f ‖p,, t ∈ R.
We start by establishing an analogous theorem of Theorem 1 [8] and Theorem 2.1 [1].
Theorem 2. Let 0< < 1, <  −  − 12 , 1p, r < + ∞ and f ∈ Lp(). The following three properties are
equivalent
(i) f ∈ BDp,r,.
(ii) T ‖T f − f ‖p, ∈ Lr((0,+∞), dT/T ).
64 L. Kamoun / Journal of Computational and Applied Mathematics 199 (2007) 56–67
(iii) T ‖2T f − T f ‖p, ∈ Lr((0,+∞), dT/T ).
Proof. (i) 	⇒ (ii). Let T > 0. Since T , is even, by virtue of Lemma 2 and properties of Dunkl translation (see
Mourou [11]) we can write
T f (x) − f (x) =
∫ +∞
0
T ,(y)(yf (x) + −yf (x) − 2f (x)) d(y), x ∈ R.
By the generalized Minkowski inequality [12, p. 21] and by taking into account that, for every >− 1/2, the functions√
zJ(z) and z−J(z) are bounded on z ∈ (0,+∞), we can assert that
‖T f − f ‖p,
∫ 1/T
0
|T ,(y)|p(f, y) d(y) +
∫ +∞
1/T
|T ,(y)|p(f, y) d(y)
C
(
T 2(+1)
∫ 1/T
0
p(f, y)y
2+1 dy + T −+(1/2)
∫ +∞
1/T
p(f, y)y
−−(1/2) dy
)
C
(
T
∫ 1/T
0
p(f, y) dy + T −+(1/2)
∫ +∞
1/T
p(f, y)y
−−(1/2) dy
)
.
According to Lemma 6 [8] and Lemma 2.2 [1] it follows that if 0< < 1 and < − − 12 , we get{∫ +∞
0
(T ‖T f − f ‖p,)r
dT
T
}1/r
C
{∫ +∞
0
(
p(f, y)
y
)r dy
y
}1/r
< + ∞.
Thus (ii) is established.
(ii) 	⇒ (iii). It is clear.
(iii) 	⇒ (i). We deﬁne the operator 
 on Lp() as follows

(f, x, t) = t f (x) + −t f (x) − 2f (x), x, t ∈ R.
According to Lemma 3 we can write for all t ∈ R and almost everywhere x ∈ R,

(f, x, t)Log 2 =
∫ +∞
0
[2T
(f, . . . , t)(x) − T
(f, . . . , t)(x)]
dT
T
=
∫ +∞
0
(2T , − T ,)(t f + −t f − 2f )(x) dT
T
.
Hence from Lemma 1 we get, for t ∈ R and almost everywhere x ∈ R,

(f, x, t)Log 2 =
∫ +∞
0

(2T f − T f, x, t)
dT
T
. (16)
By virtue of relationship (4), we are able to write
‖
(2T f − T f, . . . , t)‖p,10‖2T f − T f ‖p,, t ∈ R and T > 0. (17)
On the other hand, since Cc(R) is a dense subset of Lp(), there exists a sequence (fn)n1 in Cc(R) such that
fn −→ f , as n −→ +∞, in Lp().
By virtue of relationship (6), T ,fn −→ T ,f , as n −→ +∞, in Lp(), for every T > 0. Then according to
relationship (4) t (T ,fn) −→ t (T ,f ), as n −→ +∞, in Lp() for every t ∈ R and T > 0. Consequently
we have
‖
(2T f − T f, . . . , t)‖p, = limn→+∞ ‖
(

2T fn − T fn, . . . , t)‖p,. (18)
Choose a smooth even function  on R such that (y) = 1 if |y|1 and (y) = 0 if |y|2. Put  =F and
(y) = 2+2(y) for every > 0 and y ∈ R. One veriﬁes thatF(y) = (y/), for every y ∈ R and > 0. So
F(y) = 1 if |y|. By virtue of relationships (7), (5), (10) and ([18, p. 411]) we are able to write
2T 
(

2T fn − T fn, . . . , t) = 
(2T fn − T fn, . . . , t).
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By using again Lemma 1 we conclude that

(2T fn − T fn, . . . , t) = (t2T + −t2T − 22T )(2T fn − T fn).
Relationship (6) and equality (18) allow us to say that we have
‖
(2T f − T f, . . . , t)‖p,4‖t2T + −t2T − 22T ‖1,‖2T f − T f ‖p,.
As in [9, Theorem 2.1, Corollary 2.2], we get
‖
(2T f − T f, . . . , t)‖p,CtT ‖2T f − T f ‖p,, t > 0 and T > 0. (19)
By combining (16), (17), (19) and the generalized Minkowski inequality, we obtain for t > 0,
p(f, t)C
{
t
∫ 1/t
0
‖2T f − T f ‖p, dT +
∫ +∞
1/t
‖2T f − T f ‖p,
dT
T
}
.
From Lemma 4 [8], we deduce the following inequality{∫ +∞
0
(
p(f, t)
t
)r dt
t
}1/r
C
{∫ +∞
0
(T ‖2T f − T f ‖p,)r
dT
T
}1/r
so (i) is proved. 
Corollary 1. Let 0< < 1 and 1p, r < + ∞. Assume that f ∈ Lp() is an even function. Then f ∈ BDp,r, if and
only if we have∫ +∞
0
(‖t f − f ‖p,
t
)r dt
t
< + ∞. (20)
Proof. Let f be an even function belonging to Lp().
Since f is even Theorem 7.1 [17] allows us to afﬁrm that, for all x ∈ R and y ∈ R, we have −xf (−y) = xf (y).
Therefore, by using again the fact that f is even we can assert that p(f, t)2‖t f − f ‖p,. Then the condition (20)
implies that f ∈ BDp,r,.
On the other hand, if we take > ++ 12 then a same proof as of Theorem 2 “(iii) 	⇒ (i)”, permits us to conclude
that (iii) of Theorem 2 implies the condition (20). This means that if we have f ∈ BDp,r, then the condition (20) holds.

In the following, as in [8, Theorem 2] and [1, Theorem 2.2], we characterize the Besov–Dunkl spaces through the
partial Dunkl integrals.
Theorem 3. Let 0< < 1, 4(+ 1)/(2+ 3)<p < 4(+ 1)/(2+ 1), 1r <+∞ and f ∈ Lp(). The following
three properties are equivalent
(i) f ∈ BDp,r,.
(ii) T ‖sT f − f ‖p, ∈ Lr((0,+∞), dT/T ).
(iii) T ‖s2T f − sT f ‖p, ∈ Lr((0,+∞), dT/T ).
Proof. Let > + + 12 .
(i) 	⇒ (ii). Take T > 0 and g ∈ Cc(R). According to relationships (10) and (7) we can write
F(

T g) =F(T ,)Fg.
Since j, > − 1/2, is an even function, by using formula in [18, p. 411] we obtain
F(T ,)(	) = [−T ,T ](	)
(
1 − 	
2
T 2
)
,
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where [−T ,T ] is the indicator function of the interval [−T , T ]. Hence, it follows that
sT (

T g) = T g.
Moreover both members of the last equality deﬁne bounded linear operators from Lp() into itself, provided that
4(+1)/(2+3)<p < 4(+1)/(2+1) (see Proposition 6 and Remark 2). SinceCc(R) is a dense subset of Lp()
we deduce that
sT (

T f ) = T f .
By using Proposition 6, we can assert that, if 4(+ 1)/(2+ 3)<p < 4(+ 1)/(2+ 1), we have
‖sT f − f ‖p,‖sT (T f − f )‖p, + ‖T f − f ‖p,C‖T f − f ‖p,,
where C > 0 is a constant not depending on T. Hence (ii) can be deduced now from Theorem 2.
(ii) 	⇒ (iii). It is obvious.
(iii) 	⇒ (i). Firstly we will prove the following equality, for every f ∈ Lp()
2
T 2
∫ T
0
(T 2 − t2)−1tstf (x) dt = T f (x), T > 0 and a.e x ∈ R. (21)
Indeed, if g ∈ Cc(R) then Fubini’s theorem leads to
2
T 2
∫ T
0
(T 2 − t2)−1tstg(x) dt = 2
T 2
∫ T
0
(T 2 − t2)−1t
(∫ t
−t
E(i	x)Fg(	) d(	)
)
dt
= 2
T 2
∫ T
−T
(∫ T
|	|
(T 2 − t2)−1t dt
)
E(i	x)Fg(	) d(	)
=
∫ T
−T
E(i	x)
(
1 − 	
2
T 2
)
Fg(	) d(	) = T g(x), x ∈ R, T > 0.
From the generalized Minkowski inequality and again the uniform boundedness of the family {sT }T>0 we deduce∥∥∥∥ 2T 2
∫ T
0
(T 2 − t2)−1tstf (.) dt
∥∥∥∥
p,
 2
T 2
∫ T
0
(T 2 − t2)−1t‖stf ‖p, dtC‖f ‖p,.
Hence the left hand of (21) deﬁnes a bounded operator from Lp() into itself, provided that 4( + 1)/(2 +
3)<p < 4( + 1)/(2 + 1). Consequently, since Cc(R) is a dense subset of Lp(), the relationship (21) holds.
According to (21) and by using the generalized Minkowski inequality and Lemma 5 [8] it follows that
{∫ +∞
0
[T ‖2T f − T f ‖p,]r
dT
T
}1/r
C
{∫ +∞
0
[
T −2
∫ T
0
(T 2 − t2)−1t‖s2t f − stf ‖p, dt
]r dT
T
}1/r
C
{∫ +∞
0
[
T −1
∫ T
0
‖s2t f − stf ‖p, dt
]r dT
T
}1/r
C
{∫ +∞
0
[T ‖s2T f − sT f ‖p,]r dT
T
}1/r
Now by invoking Theorem 2 the property (i) holds. 
Acknowledgements
The author thanks Professor Mohamed SIFI for suggesting the problem studied in this work and helpful discussions.
He also thanks the referees for their valuable remarks and suggestions.
L. Kamoun / Journal of Computational and Applied Mathematics 199 (2007) 56–67 67
References
[1] J.J. Betancor, L. Rodríguez-Mesa, On the Besov–Hankel spaces, J. Math. Soc. Japan 50 (3) (1998) 781–788.
[2] J.J. Betancor, L. Rodríguez-Mesa, Lipschitz–Hankel spaces and partial Hankel integrals, Integral Transforms Spec. Funct. 7 (1–2) (1998)
1–12.
[3] J.J. Betancor, L. Rodríguez-Mesa, Lipschitz–Hankel spaces, partial Hankel integrals and Bochner–Riesz means, Arch. Math. 71 (2) (1998)
115–122.
[4] C. Dunkl, Differential-difference operators associated to reﬂection groups, Trans. Amer. Math. Soc. 311 (1) (1989) 167–183.
[5] C. Dunkl, Hankel transforms associated to ﬁnite reﬂection groups, in: Proceedings of Special Session on Hypergeometric Functions on Domains
of Positivity, Jack Polynomials and Applications. Proceedings, Tampa 1991, Contemp. Math. 138 (1992) 123–138.
[6] A. Erdélyi, W. Magnus, F. Oberhettinger, F.G. Tricomi, Higher Transcendental Functions, vol. 2, McGraw-Hill, NewYork, 1953.
[7] A. Gasmi, M. Siﬁ, F. Soltani, Herz-type spaces for the Dunkl operator on the real line, 2004, Integr. Transf. Spec. F., submitted for publication.
[8] D.V. Giang, F. Móricz, A new characterization of Besov spaces on the real line, J. Math. Anal. Appl. 189 (1995) 533–551.
[9] J. Gosselin, K. Stempak, A weak-type estimate for Fourier–Bessel multipliers, Proc. Amer. Math. Soc. 106 (3) (1989) 655–662.
[10] M.F.E. de Jeu, The Dunkl transform, Inv. Math. 113 (1993) 147–162.
[11] M.A. Mourou, Transmutation operators associated with a Dunkl-type differential-difference operator on the real line and certain of their
applications, Integral Transforms Spec. Funct. 12 (1) (2001) 77–88.
[12] S.M. Nikol’skiı˘, Approximation of functions of several variables and imbedding theorems, Die Grun. Der Math. Wiss. in Einze. Band 205,
Springer, Berlin, Heidelberg, NewYork, 1975.
[13] P.G. Rooney, On theY andH transformations, Canad. J. Math. 32 (5) (1980) 1021–1044.
[14] M. Rösler, Bessel-type signed hypergroup on R, in: H. Heyer, A. Mukherjea (Eds.), Probability Measure on Groups and Related Structures
(Proc. Conf. Oberwolfach, 1994), World Scientiﬁc, Singapore, 1995, pp. 292–304.
[15] F. Soltani, Lp-Fourier multipliers for the Dunkl operator on the real line, J. Funct. Anal. 209 (2004) 16–35.
[16] E.M. Stein, G. Weiss, Introduction to Fourier Analysis on Euclidean Spaces, Princeton University Press, Princeton, New Jersey, 1990.
[17] S. Thangavelu, Y. Xu, Convolution operator and maximal function for Dunkl transform, aeXiv:math.CA/0403049v3 (2004).
[18] G.N. Watson, A Treatise on the Theory of Bessel Functions, Cambridge University Press, Cambridge, 1966.
